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a b s t r a c t
A connected graph G is super edge connected (super-λ for short) if every minimum edge
cut of G is the set of edges incident with some vertex. We define a super-λ graph G to be
m-super-λ if G − S is still super-λ for any edge subset S with |S| 6 m. The maximum
integer of such m, written as Sλ(G), is said to be the edge fault tolerance of G with respect
to the super-λ property. In this paper, we study the bounds for Sλ(G), showing that
min{λ′(G) − δ(G) − 1, δ(G) − 1} 6 Sλ(G) 6 δ(G) − 1. More refined bounds are obtained
for regular graphs and Cartesian product graphs. Exact values of Sλ are obtained for edge
transitive graphs.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper, all graphs are simple and finite.
A classic measure for the edge fault tolerance of a communication network is the edge connectivity λ(G), where G is
the underlying topology of the network. In general, the larger λ(G) is, the more reliable the network is. It is known that
λ(G) 6 δ(G), where δ(G) is the minimum degree of G. Hence a graph Gwith λ(G) = δ(G) is calledmaximally edge connected.
A more refined measure is the super edge-connectivity proposed by Bauer et al. [5]. A graph G is super edge connected
(or simply super-λ) if G is connected and the deletion of every minimum edge cut yields an isolated vertex. Bauer et al. [4]
showed that super-λ graphs aremore reliable then those which are not super-λ. There are a lot of studies on super-λ graphs
(see the nice surveys [13,25,15] and references therein).
In this paper, we consider the edge fault tolerance of a graph with respect to the super-λ property.
Definition 1.1. A super-λ graph G is m-super edge connected (or m-super-λ for short) if G− S is still super-λ for any edge
subset S ⊆ E(G)with |S| 6 m.
Example 1.2. The graph G in Fig. 1 is 0-super-λ. For any edge e in G, G− {e} is still super-λ. Thus G is 1-super-λ. However,
G is not 2-super-λ since G− {e1, e3} is no longer super-λ.
Definition 1.3. The edge fault tolerance of a super-λ graph Gwith respect to the super-λ property, denoted by Sλ(G), is the
integerm such that G ism-super-λ but not (m+ 1)-super-λ.
The graph G in Fig. 1 has Sλ(G) = 1.
Clearly, 0-super-λ is exactly super-λ. Hence m-super-λ is a generalization of super-λ and Sλ measures how robust the
graph is with respect to the super-λ property.
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Fig. 1. Sλ(G) = 1.
In this paper, we study the bounds for Sλ(G). More refined bounds are obtained for regular graphs and Cartesian product
graphs. Exact values of Sλ are obtained for edge transitive graphs.
The paper is organized as follows. In Section 2, we introduce some definitions and related results which are to be used in
this paper. Section 3 studies the bounds of Sλ for the general super-λ graphs. The lower bound can be refined a little when
the graph is regular or semi-regular. Section 4 focuses on regular graphs and gives some sufficient conditions under which
Sλ reaches its upper bound or its lower bound. In Section 5, the exact values of Sλ for edge transitive graphs are determined.
Section 6 obtains refined bounds for Cartesian product graphs.
2. Definitions and related results
In this section we introduce some definitions and related results which will be used in the following sections.
Let G = (V , E) be a graph. For two disjoint vertex sets U1,U2 ⊆ V (G), denote by [U1,U2]G the set of edges of Gwith one
end inU1 and the other end inU2. For a vertex setU ⊆ V (G), G[U] is the subgraph of G induced byU , andU = V (G)\U is the
complement ofU . Denote byωG(U) = |[U,U]G| the number of edges betweenU andU .When the graph under consideration
is obvious, we omit the subscript G and use [U1,U2], ω(U) etc. For a vertex subset A, write dA(U) = |[U, A \ U]|. If G[U] is a
singleton u or an edge xy, we use dA(v) or dA(xy) for simplicity.
For a vertex v ∈ V (G), N(v) is the neighbor set of v, i.e., the set of vertices adjacent to v in G. For a vertex set U ⊆ V (G),
N(U) = (v∈U N(v)) \ U is the neighbor set of U . The degree of vertex v is d(v) = |N(v)|.
In [10,9] Esfahanian and Hakimi proposed the concept of restricted edge connectivity of graphs. An edge set S of a
connected graph G is a restricted edge cut of G if G − S is disconnected and every component of G − S has order at least
two. The minimum cardinality of restricted edge cut of G (if it exists) is the restricted edge connectivity of G, denoted by
λ′(G). Esfahanian and Hakimi [10] proved that any graph Gwith order n ≥ 4 which is not the star K1,n−1 has restricted edge
cuts, furthermore λ′(G) ≤ ξ(G), where ξ(G) = min{d(u)+ d(v)− 2 | uv ∈ E(G)} is the minimum edge degree of G.
This concept was generalized to k-restricted edge connectivity by Fàbrega and Fiol [11,12]. An edge set S of a connected
graph G is a k-restricted edge cut if G− S is disconnected and every component of G− S has order at least k. The minimum
cardinality of k-restricted edge cut of G (if exists) is called the k-restricted edge connectivity of G, denoted by λk(G). A k-
restricted edge cut S with |S| = λk(G) is called a λk-cut. In particular, λ1(G) = λ(G) and λ2(G) = λ′(G).
In general, λk(G) does not always exist and so those graphs in which λk(G) exists are said to be λk-connected. The studies
on the existence of λk(G) can be found in [2,3,7,14,10,22,23] etc. According to the results in [20,26], the larger λk(G) is, the
more reliable the network is (at least for k = 2 and 3). In [30], Zhang and Yuan showed that except for a well-defined
class of graphs, any connected graph G of order at least 2k with k 6 δ(G) + 1 is λk-connected. Furthermore, in this case,
λk(G) 6 ξk(G), where ξk(G) = min{|[U,U]| : U ⊆ V (G), |U| = k and G[U] is connected}. In view of this result, a graph G
with λk(G) = ξk(G) is called be λk-optimal. In particular, a graph Gwith λ(G) = δ(G) is themaximally edge connected graph
which is the focus of many classic studies (see the surveys [15,18,21]), and a graph G with λ′(G) = ξ(G) is the λ′-optimal
graph on which there has been a lot of work in recent years (see [13,15] and references therein).
The super-λ property can be quantitatively measured by the parameter λ′, which can be seen from the following
proposition.
Proposition 2.1. Graph G is super-λ if and only if either G is not λ′-connected or λ′(G) > λ(G).
We also need the following definition. A connected graph G is called super restricted edge connected (or super-λ′ for short)
if for every minimum restricted edge cut S of G, G− S has an isolated edge. Similar to the above, we have.
Proposition 2.2. A λ′-connected graph G is super-λ′ if and only if either G is not λ3-connected or λ3(G) > λ′(G).
For a graph G, use Aut(G) to denote the automorphism group of G. A graph G is vertex transitive if for any two vertices
u, v ∈ V (G), there is an automorphism φ ∈ Aut(G) such that φ(u) = v; it is edge transitive if for any two edges e, f ∈ E(G),
there is an automorphism φ ∈ Aut(G) such that φ(e) = f .
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A vertex transitive graph is always regular. The studies on edge connectivity, super-edge connectivity, and restricted
edge connectivity in vertex transitive graphs can be found in [19,25–28] etc.
Let G be an edge transitive graph of order n. It is known that G is maximally vertex connected, i.e., κ(G) = δ(G) [17]; G
is always super-λ except for the cycle Cn [25]; G is always λ′-optimal except for Cn and the star K1,n−1 [16,27]; G is always
λ3-optimal expect for K1,n−1, Cn and Q3 [29], where Q3 is the 3-cube.
The Cartesian product of graphs G1 and G2 is the graph G1×G2 with vertex set V (G1)×V (G2), vertices (x1, x2) and (y1, y2)
are adjacent in G1 × G2 if and only if either x1 = y1 and x2y2 ∈ E(G2), or x1y1 ∈ E(G1) and x2 = y2.
There are abundant of studies on the connectivity, super-connectivity, and restricted connectivity in Cartesian product
graphs, including both vertex versions and edge versions, undirected versions and directed versions (see [2,15] and
references therein).What are closely relatedwith thework in this paper are [8,24], in which it was proved that the Cartesian
product of two regular graphs which are both maximally edge connected is super-λ except for the case K2 × Kn(n > 2).
For terminologies not given here, we refer to [6] for references.
3. Upper and lower bounds for Sλ(G)
We first derive a necessary and sufficient condition for a graph to be super-λ.
Lemma 3.1. A graph G is super-λ if and only if ω(A) > δ(G) holds for any vertex set A ⊆ V (G) with 2 6 |A| 6 ⌊ |V (G)|2 ⌋ and
G[A], G[A] being connected.
Proof. Suppose G is super-λ. Then λ(G) = δ(G). Let A be a vertex set with 2 6 |A| 6 ⌊ |V (G)|2 ⌋ and G[A], G[A] being connected.
By the definition of super-λ, [A, A] can not be a minimum edge cut. Thus ω(A) > λ(G) = δ(G). The necessity is proved.
Conversely, suppose ω(A) > δ(G) holds for any vertex set A as described above, but G is not super-λ. Then there exists
a minimum edge cut S of G such that G − S has no singletons. By the minimality of S, G − S has exactly two connected
components. Let A be the vertex set of the smaller component. Then 2 6 |A| 6 ⌊ |V (G)|2 ⌋ and G[A], G[A] are both connected.
Furthermore, S can be written as S = [A, A]. It follows that λ(G) = |S| = ω(A) > δ(G) ≥ λ(G). This contradiction proves
the sufficiency. 
For simplicity, we sometimes write λ′ = λ′(G), λ = λ(G), δ = δ(G) and Sλ = Sλ(G). A semi-regular bipartite graph is a
bipartite graph such that all vertices in each part have the same degree.
Theorem 3.2. For any super-λ graph G which is λ′-connected,min{λ′− δ−1, δ−1} 6 Sλ 6 δ−1. If furthermore G is a regular
or a semi-regular bipartite graph, thenmin{λ′ − δ, δ − 1} 6 Sλ 6 δ − 1.
Proof. Let v ∈ V (G) be a vertex with d(v) = δ(G), and S be the set of edges incident with v. Then G− S is disconnected and
thus is not super-λ. By the definition of Sλ, we have Sλ 6 δ − 1.
To prove the lower bound, denote m = min{λ′ − δ − 1, δ − 1}. We will show that G is m-super-λ, i.e., for any edge
subset S with |S| 6 m, we will show that G′ = G − S is super-λ. Since G is super-λ, we have λ(G) = δ(G) = δ. Hence by
|S| 6 m 6 δ−1, we see that G′ is connected. Let A be an arbitrary vertex set of V (G′)with 2 6 |A| 6 ⌊ |V (G′)|2 ⌋ and G′[A], G′[A]
being connected. Notice that V (G′) = V (G) and G[A],G[A] are also connected, hence we have ωG(A) > λ′(G) = λ′, and thus
ωG′(A) > ωG(A)− |S| > λ′ −m > λ′ − (λ′ − δ − 1) = δ + 1. On the other hand, |S| 6 m 6 δ − 1 guarantees that
δ(G− S) 6 δ(G) = δ. (1)
Hence ωG′(A) > δ(G′). Then by Lemma 3.1, G′ is super-λ.
Next, suppose that G is a regular graph or a semi-regular bipartite graph. For such a graph, every edge of G is incident
with some vertex of degree δ, and thus δ(G− S) < δ(G) for any S with 1 6 |S| 6 δ − 1 (compare this with inequality (1)).
Using this observation and a similar argument as above, we can show that Sλ(G) > min{λ′ − δ, δ − 1}. 
Remark 3.3. The graph G in Fig. 2 shows that the lower bound in Theorem 3.2 is sharp. In this graph, the subgraphs induced
by A and B are complete graphs on t > 2 vertices. There are 2t edges between A and B, namely viui, viui+1 for i = 1, 2, . . . , t
(here ut+1 = u1). It can be seen that λ′(G) = 2t and λ(G) = δ(G) = t . Let S = {viui : i = 1, 2, . . . , t}. Then
|S| = t = λ′(G) − δ(G). Since ωG−S(A ∪ {a}) = t = δ(G − S), G − S is not super-λ. So Sλ(G) 6 t − 1 = λ′(G) − δ(G) − 1.
Combining this with Theorem 3.2, we have Sλ(G) = λ′(G)− δ(G)− 1 = δ(G)− 1.
4. Sλ for regular graphs
In this section we study regular graphs and consider some conditions under which the exact values of Sλ can be
determined.
Theorem 4.1. Let G be a regular graph. If G is super-λ′ and δ(G) > 4, then Sλ = δ − 1.
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Fig. 2. A graph Gwith Sλ(G) = λ′(G)− δ(G)− 1 = δ(G)− 1.
Proof. By Theorem 3.2, it suffices to show that Sλ > δ−1. Since any super-λ′ graph is also λ′-optimal, we have λ′ = ξ(G) =
2δ − 2. Then by Theorem 3.2, Sλ > λ′ − δ = δ − 2. Thus it is sufficient to show that for any S ⊆ E(G) with |S| = δ − 1,
G′ = G− S is super-λ. By Lemma 3.1, it suffices to show that
ωG′(A) > δ(G′) (2)
holds for any vertex set A with 2 6 |A| 6 ⌊ |V (G′)|2 ⌋ and G′[A], G′[A] being connected. Similar to the second paragraph in the
proof of Theorem 3.2, we have ωG(A) > λ′(G) = λ′. Then
ωG′(A) > ωG(A)− |S| > λ′ − |S| = 2δ − 2− (δ − 1) = δ − 1. (3)
On the other hand, similar to the third paragraph in the proof of Theorem 3.2, we have
δ(G′) 6 δ(G)− 1 = δ − 1. (4)
Hence to prove (2), we are to show that at least one of the two inequalities (3) and (4) is strict.
In the case that S ⊈ [A, A], ωG′(A) > ωG(A) − |S| and thus inequality (3) is strict. Next, suppose S ⊆ [A, A]. If |A| > 3
and |A| > 3, then [A, A] is not a λ′-cut since G is super-λ′. Hence ωG(A) > λ′ and inequality (3) is strict. If |A| = 2, by
noticing that |S| = δ− 1 > 3 implies that there exists a vertex v in Awhich is incident with at least two edges of S, we have
δ(G− S) 6 δ − 2 and thus inequality (4) is strict. In any case, (2) holds and G− S is super-λ. The theorem is proved. 
Theorem 4.1 requires that δ(G) > 4. How about regular graphs with smaller degree? The 1-regular connected graph is an
edge and the 2-regular connected graph is a cycle, both are trivial. For 3-regular connected graphs, we have the following
theorem.
Theorem 4.2. Let G be a 3-regular super-λ graph. Then Sλ = δ − 2 = 1.
Proof. By Theorem 3.2, since G is super-λ, we have Sλ > λ′ − δ > λ − δ = 0, i.e., Sλ > 1. To prove the converse, we will
show that there exists an edge set S ⊆ E(G) with |S| 6 2 such that G − S is not super-λ. In fact, let uv be an edge and
{e1, e2, e3, e4} be the set of edges adjacent with uv in G. Then there exists a pair, say e1, e3, which are non-adjacent in G. Set
S = {e1, e3} and A = {u, v}. Then ωG−S(A) = 2 = δ(G− S). By Lemma 3.1, G− S is not super-λ. Hence Sλ 6 1. 
To prove the next theorem, we first prove the following lemma.
Lemma 4.3. Let G be a graph with vertex connectivity κ(G) > m. For any vertex set X ⊆ V (G), if |X | > m and |X | > m, then
there are at least m independent edges in [X, X].
Proof. Let H be the subgraph of G induced by the edges in [X, X]. Then H is bipartite. By Exercise 5.2.6 in [6], the number of
edges in a maximummatching of H is
|X | −max
S⊆X
{|S| − |NH(S)|}. (5)
We claim that
|NH(S)| > m− |X \ S| (6)
holds for any subset S ⊆ X . Suppose this is not true. Then there is a vertex subset S ⊆ X such that |NG(S)∩ X | < m− |X \ S|
(notice that NH(S) = NG(S) ∩ X). Since |X | ≥ m, we see that S ≠ ∅. If NG(S) ∪ S = V (G), then NG(S) ∩ X = X and
m ≤ |X | = |NG(S) ∩ X | < m − |X \ S|, an absurdity. Hence NG(S) ∪ S ≠ V (G). Then NG(S) is a vertex cut of G. By the
assumption κ(G) > m, we have
m 6 |NG(S)| = |NG(S) ∩ X | + |NG(S) ∩ X | < |NG(S) ∩ X | +m− |X \ S|.
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But then |NG(S) ∩ X | > |X \ S|, which is impossible since NG(S) ∩ X ⊆ X \ S. This contradiction establishes inequality (6).
Then it follows that |X | −maxS⊆X {|S| − |NH(S)|} > m. The lemma is proved. 
Theorem 4.4. Let G be a regular graph. If G is super-λ but not super-λ′, and κ(G) > λ′ − δ + 1, then Sλ = λ′ − δ.
Proof. Since G is not super-λ′, there exists a vertex subset X such that [X, X] is a minimum restricted edge cut and |X | > 3,
|X | > 3. We claim that |X | > λ′ − δ + 1 and |X | > λ′ − δ + 1. Suppose, without loss of generality, that |X | 6 λ′ − δ. Then
every vertex x ∈ X has dX (x) 6 |X |−1 6 λ′−δ−1, and thus dX (x) = dG(x)−dX (x) > δ−(λ′−δ−1) > 3. Let uv be an edge
in G[X]. Such an edge exists since G[X] is a connected subgraph of order at least 3. For the same reason, |NX ({u, v})| ≥ 1.
Then
λ′ = |[X, X]| = |[X \ {u, v}, X]| + |[{u, v}, X]|
> |[NX ({u, v}), X]| + dX ({u, v})
> 3|NX ({u, v})| + dX (uv)
> dX (uv)+ dX (uv)
= dG(uv) > ξ > λ′,
where the strict inequality holds because of 1 6 |NX (uv)| = |NX (u) \ NX (v)| + |NX (v) \ NX (u)| + |NX (u) ∩ NX (v)| and
dX (uv) = |NX (u) \ NX (v)| + |NX (v) \ NX (u)| + 2|NX (u) ∩ NX (v)|. This contradiction establishes the claim.
By Lemma 4.3, there is an edge set S containing λ′ − δ + 1 independent edges of [X, X]. For such S,
ωG−S(X) = ω(X)− |S| = λ′ − (λ′ − δ + 1) = δ − 1 = δ(G− S).
Then by Lemma 3.1, G− S is not super-λ. Hence Sλ 6 λ′ − δ. On the other hand, since λ′ 6 2δ − 2, we have Sλ > λ′ − δ by
Theorem 3.2. Thus Sλ = λ′ − δ. 
In [26], Wang and Li showed that a connected vertex-transitive graph G with degree k > 3 and girth g > 4 is super-λ′.
Combining this with Theorems 4.1 and 4.2, notice that a k-regular super-λ′ graph is also super-λ for k > 3, we have the
following.
Corollary 4.5. Let G be a connected vertex transitive graph with degree k > 3 and girth g > 4. Then Sλ(G) = k− 1 if k > 4 and
Sλ(G) = 1 if k = 3.
5. Sλ for edge transitive graphs
In this section we determine the exact value of Sλ for edge transitive graphs.
The following is well known: edge transitive graphs which are not vertex transitive are bipartite and semi-regular. So
the bound in the last part of Theorem 3.2 holds for edge transitive graphs.
Theorem 5.1. Let G be a connected edge transitive graph. If G is not regular, then Sλ = δ − 1.
Proof. Since G is not regular, it is not vertex transitive, and thus is bipartite and semi-regular with degrees δ and ∆,
respectively, where ∆ > δ. If G is not λ′-connected, then G = K1,n−1, and Sλ = 0 = δ − 1. If G is λ′-connected, then G
is λ′-optimal, and thus λ′ = ξ = ∆+ δ− 2. By Theorem 3.2, δ− 1 > Sλ > min{λ′− δ, δ− 1} = min{∆− 2, δ− 1} = δ− 1.
The theorem follows. 
Next, we consider regular edge transitive graphs.
Theorem 5.2. Let G be a connected edge transitive d-regular graph. If d > 5, then Sλ = d − 1. If d = 4, then Sλ = 3 for
triangle-free graph, and Sλ = 2 otherwise.
Proof. Since d > 3, G is λ3-optimal, that is, λ3 = ξ3 = min{ω(X) : |X | = 3 and G[X] is connected}. Hence there exists
a vertex subset X such that |X | = 3, G[X] is connected, and ω(X) = ξ3 = λ3. The subgraph induced by such X must be
isomorphic to the complete graph K3 or the path P3.
If d > 5, then
λ3 = ω(X) = |X |d− 2ε(G[X]) > 3d− 6 > 2d− 2 = λ′.
If d = 4 and G is triangle-free, then G[X] ∼= P3 and
λ3 = ω(X) = 3d− 4 = 8 > 6 = λ′.
In both cases, G is super-λ′, and thus Sλ = d− 1 by Theorem 4.1.
If d = 4 and G is not triangle-free, then G[X] ∼= K3 and
λ3 = ω(X) = 3d− 6 = 6 = λ′,
which implies that G is not super-λ′. Since κ(G) = d > d − 1 = λ′ − d + 1, we see from Theorem 4.4 that Sλ = λ′ − d =
d− 2 = 2. 
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By noting that bipartite graphs are triangle-free, combining Theorems 5.1 and 5.2, we have.
Corollary 5.3. The complete bipartite graph Km,n (m 6 n) has Sλ(Km,n) = m − 1 except for the case that m = n = 2 or
m = n = 3.
The star graph ST (n) is defined as the Cayley graph of n-dimension symmetric group Sn generated by the n − 1
transpositions S = {(1, i) : 1 < i 6 n} (see [1] for more detailed information). It is known that ST (n) is edge transitive and
has girth six. Using Theorems 4.2 and 5.2, we have.
Corollary 5.4. The n-dimensional star graph ST (n) has Sλ = n− 2 if n > 5 and Sλ = 1 if n = 4.
6. Sλ for Cartesian product of graphs
In this section we derive a refined lower bound for Sλ in the Cartesian product of two maximally edge connected graphs.
Let G1,G2 be two graphs and G = G1 × G2. For vertex x ∈ V (G2), we use Gx1 to denote the subgraph of G1 × G2 induced
by the vertex set {(u, x) : u ∈ V (G1)}. Clearly, Gx1 is isomorphic to G1, and thus we call it a G1-layer of G1 × G2. The G2-layer
Gx2 can be defined similarly for x ∈ V (G1).
To obtain more refined bounds for Sλ in the Cartesian product graphs, we first prove the following lemma.
Lemma 6.1. Let G = G1 × G2 be the Cartesian product of graphs G1 and G2, where Gi is a connected graph with δi = δ(Gi) =
λ(Gi) > 2 for i = 1, 2. For any edge subset S ⊆ E(G) and any vertex subset A ⊆ V (G) such that |S| 6 δ1+ δ2− 1, |A| > 2, G[A]
is connected, and A is properly contained in some G1-layer or some G2-layer, ωG−S(A) > δ(G− S).
Proof. Suppose, to the contrary, that there exist an edge subset S ⊆ E(G) and a vertex subset A ⊆ V (G) satisfying the
specified conditions, but
ωG−S(A) 6 δ(G− S). (7)
Since δ(G) = δ1 + δ2 and |S| 6 δ1 + δ2 − 1, we have δ(G− S) 6 δ(G), and thus
δ1 + δ2 > δ(G− S) > ωG−S(A) > ωG(A)− |S ∩ [A, A]| > ωG(A)− (δ1 + δ2 − 1),
that is,
ωG(A) 6 2δ1 + 2δ2 − 1. (8)
Suppose |A| = a and A is properly contained in the G1-layer Gx1 (the case that A is properly contained in some G2-layer can
be considered similarly). Then
ωG(A) = ωGx1(A)+ |[A,Gx1]| = ωGx1(A)+

z∈A
|[{z},Gx1]| > ωGx1(A)+ aδ2. (9)
Combining this with inequality (8), we have
2δ1 > ωGx1(A)+ (a− 2)δ2 + 1. (10)
Since a > 2 and δ2 ≥ 2, we have
2δ1 > ωGx1(A)+ 2a− 3. (11)
For any vertex z ∈ A, since dGx1−A(z) = dGx1(z)− dA(z) > δ1 − (a− 1), we have
ωGx1
(A) =

z∈A
dGx1−A(z) > a(δ1 − a+ 1).
Combining this with inequality (11), we have
(a− 2)δ1 6 a2 − 3a+ 3. (12)
Combining ωGx1(A) > δ1 with inequality (11), we have
δ1 > 2a− 3. (13)
Since a > 2, inequalities (12) and (13) yield 1 6 a 6 3. Since a > 2, we consider two cases.
Case 1. a = 3.
In this case, G[A] ∼= K3 or G[A] ∼= P3. If G[A] ∼= P3, then ωG(A) > 3(δ1 + δ2) − 4 > 2δ1 + 2δ2 (recall that δ1, δ2 > 2),
contradicting (8). Hence G[A] ∼= K3 and thus
ωG(A) > 3(δ1 + δ2)− 6. (14)
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By inequality (10), we have 2δ1 > δ1 + δ2 + 1, and thus δ1 > δ2 + 1 > 3. Then δ1 + δ2 > 5 and we see from inequality (14)
that
ωG(A) > 2δ1 + 2δ2 − 1. (15)
Combing this with (8), all inequalities in deducing (15) become equalities. In particular, ωG(A) = 2δ1 + 2δ2 − 1, δ1 = 3,
δ2 = 2, and every vertex in A has degree δ1 + δ2.
If |S ∩ [A, A]| < δ1 + δ2 − 1, then ωG−S(A) > ωG(A) − (δ1 + δ2 − 1) = δ1 + δ2 = δ(G) > δ(G − S). If
|S ∩ [A, A]| = δ1 + δ2 − 1, then ωG−S(A) = δ1 + δ2. Since |S ∩ [A, A]| > 0, S must be incident with some vertex in A,
say u. Then δ(G− S) 6 dG−S(u) 6 dG(u)− 1 = δ1 + δ2 − 1. In any case, ωG−S(A) > δ(G− S), contradicting our hypothesis
(7).
Case 2. a = 2.
In this case, G[A] is an edge uv, and ωG(A) > 2δ1 + 2δ2 − 2. Combining this with inequality (8), we see that ωG(A) =
2δ1 + 2δ2 − 2 or 2δ1 + 2δ2 − 1. Similar to the proof of Case 1, we are to prove the contradiction ωG−S(A) > δ(G− S).
Subcase 3.1. ωG(A) = 2δ1 + 2δ2 − 2.
In this case, d(u) = d(v) = δ1 + δ2 = δ(G).
If |S ∩ [A, A]| 6 δ1 + δ2 − 3, then ωG−S(A) = ωG(A)− |S ∩ [A, A]| > δ1 + δ2 + 1 > δ(G) > δ(G− S).
If |S ∩ [A, A]| = δ1 + δ2 − 2, then ωG−S(A) = δ1 + δ2. Since |S ∩ [A, A]| > 0, S is incident with one of {u, v}, say u. Then
δ(G− S) 6 dG−S(u) 6 dG(u)− 1 = δ1 + δ2 − 1 < ωG−S(A).
If |S ∩ [A, A]| = δ1 + δ2 − 1, then ωG−S(A) = δ1 + δ2 − 1. By noting that |S ∩ [A, A]| = δ1 + δ2 − 1 > 3, one of {u, v}, say
u, is incident with at least two edges of S. Hence δ(G− S) 6 dG−S(u) 6 dG(u)− 2 = δ1 + δ2 − 2 < ωG−S(A). It follows that
δ(G− S) 6 dG−S(u) 6 δ1 + δ2 − 2.
Subcase 3.2. ωG(A) = 2δ1 + 2δ2 − 1.
Without loss of generality, we may assume d(u) = δ1 + δ2 and d(v) = δ1 + δ2 + 1.
If |S ∩ [A, A]| 6 δ1 + δ2 − 2, then ωG−S(A) > δ1 + δ2 + 1 > δ(G) > δ(G− S).
If |S ∩ [A, A]| = δ1 + δ2 − 1, then ωG−S(A) = δ1 + δ2. Since |S ∩ [A, A]| = δ1 + δ2 − 1 > 3, one of {u, v} is incident with
at least two edges of S, and thus δ(G− S) ≤ (δ1 + δ2 + 1)− 2 = δ1 + δ2 − 1 < ωG−S(A).
In all cases, we arrive at a contradiction to (7). 
Now, we are ready to prove the refined bounds for Sλ in Cartesian product graphs.
Theorem 6.2. Let G = G1 × G2 be the Cartesian product graph of G1 and G2, where Gi is a connected graph with δi = δ(Gi) =
λ(Gi) > 2 for i = 1, 2. Then Sλ(G) > min{δ1 + δ2 − 1, |V (G1)|δ2 − δ1 − δ2 − 1, |V (G2)|δ1 − δ1 − δ2 − 1}.
Proof. Denote m = min{δ1 + δ2 − 1, |V (G1)|δ2 − δ1 − δ2 − 1, |V (G2)|δ1 − δ1 − δ2 − 1}. To show that Sλ > m, we are to
show that for any edge subset S ⊆ E with |S| 6 m, the graph G′ = G− S is super-λ. By Lemma 3.1, it suffices to prove that
ωG−S(A) > δ(G− S) (16)
holds for any vertex subset A ⊆ V (G)with 2 6 |A| 6 ⌊ |V (G)|2 ⌋ and G′[A],G′[A] being connected.
SinceωG−S(A) > ωG(A)−|S| > ωG(A)−m and δ(G− S) 6 δ(G) = δ1+ δ2, hence ifωG(A) > δ1+ δ2+m, then inequality
(16) holds. In the following, we assume
ω(A) 6 δ1 + δ2 +m (17)
and prove that inequality (16) still holds in this case.
Denote by I1 = {x ∈ V (G1) : Gx2 − [A, A] is disconnected} and I2 = {x ∈ V (G2) : Gx1 − [A, A] is disconnected}. Then I1
(resp. I2) indicates for which index x, the remaining G2-layer (resp. remaining G1-layer) is disconnected by the removal of
[A, A].
Claim 1. |Ii| < |V (Gi)| for i = 1, 2.
Suppose, without loss of generality, that |I1| = |V (G1)|. Then all the remaining G2-layers are disconnected, and thus
ωG(A) > |V (G1)| · λ(G2) = |V (G1)|δ2. Combining this with inequality (17), we have
|V (G1)|δ2 6 δ1 + δ2 +m
6 δ1 + δ2 + |V (G1)|δ2 − δ1 − δ2 − 1
= |V (G1)|δ2 − 1,
a contradiction.
Claim 2. |Ii| > 1 for i = 1, 2.
Suppose, without loss of generality, that |I1| = 0. Then all the remaining G2-layers are connected. By Claim 1, at least one
remaining G1-layer is connected. Then we see that G− [A, A] is connected, a contradiction.
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Claim 3. |I1| 6 1 or |I2| 6 1.
Suppose |I1|, |I2| > 2. Then ωG(A) > 2λ(G1)+ 2λ(G2) = 2δ1 + 2δ2 > δ1 + δ2 +m+ 1, contradicting (17).
Combining Claim 2 with Claim 3, we may assume, without loss of generality, that I2 = {x0} and I1 contains an index y0.
Then the subgraph Gy02 ∪ (

x∈V (G2),x≠x0 G
x
1) − [A, A] is connected, and thus is completely contained in either G[A] or G[A].
By |A| 6 ⌊ |V (G)|2 ⌋, we see that the latter holds. It follows that A ⊆ V (Gx1). If A = V (Gx1), then all the remaining G2-layers are
disconnected, contradicting Claim 1. Hence A is properly contained in Gx1. By Lemma 6.1, ωG−S(A) > δ(G − S). Inequality
(16), and thus the theorem, is proved. 
If in addition both G1 and G2 are regular, then G is also regular. Similar to the proof of Theorem 6.2, using the observation
that δ(G− S) 6 δ(G)− 1 holds for any edge subset S ⊆ E(G)with |S| > 1, we can prove the flowing theorem.
Theorem 6.3. Let G = G1 × G2 be the Cartesian product of graphs G1 and G2, where Gi is a connected regular graph with
δi = δ(Gi) = λ(Gi) > 2 for i = 1, 2. Then Sλ(G) > min{δ1 + δ2 − 1, |V (G1)|δ2 − δ1 − δ2, |V (G2)|δ1 − δ1 − δ2}.
Comparing the three values in the ‘min’, we have the following corollary from Theorems 6.2 and 6.3.
Corollary 6.4. Let G = G1 × G2 be the Cartesian product of graphs G1 and G2, where Gi is a connected graph with δi = δ(Gi) =
λ(Gi) > 2 for i = 1, 2. Then Sλ(G) > δ1 + δ2 − 3. If furthermore G1,G2 are both regular, then Sλ(G) > δ1 + δ2 − 2.
Proof. It can be calculated that |V (G1)|δ2 − δ1 − δ2 − 1 > (δ1 + 1)δ2 − δ1 − δ2 − 1 = δ1δ2 − δ1 − 1 = (δ1 − 2)(δ2 − 2)+
δ1 + 2δ2 − 5 > δ1 + δ2 − 3. Similarly, |V (G2)|δ1 − δ1 − δ2 − 1 > δ1 + δ2 − 3. The first half of the corollary follows from
Theorem 6.2. Using Theorem 6.3, the second half can be proved similarly. 
The lower bound in Corollary 6.4 is much simpler than those in Theorems 6.2 and 6.3. Since Sλ(G1 × G2) 6 δ1 + δ2 − 1
by Theorem 3.2, we see that there are only three possible values for Sλ(G1 × G2) under the condition that both G1 and G2
are maximally edge connected with minimum degree at least two, and only two possible values when the two component
graphs are both regular.
The next result gives some sufficient conditions for Sλ of a Cartesian product graph to have the maximal possible value.
Corollary 6.5. Let G = G1 × G2 be the Cartesian product of graphs G1 and G2, where Gi is a connected graph with δi = δ(Gi) =
λ(Gi) > 2 for i = 1, 2. Then Sλ(G) = δ1 + δ2 − 1, if one of the following conditions holds:
(a) neither G1 nor G2 is a complete graph,
(b) δ1 > 3 and δ2 > 3,
(c) G1 is not complete, δ1 > 4 and G2 ∼= K3.
Proof. By Theorems 3.2 and 6.2, it suffices to show that |V (G1)|δ2− δ1− δ2−1 > δ1+ δ2−1 and |V (G2)|δ1− δ1− δ2−1 >
δ1 + δ2 − 1, that is,
|V (G1)|δ2 > 2δ1 + 2δ2 (18)
and
|V (G2)|δ1 > 2δ1 + 2δ2. (19)
In fact, if G1 is not a complete graph, then δ1 6 |V (G1)| − 2, and thus
|V (G1)|δ2 > (δ1 + 2)δ2 = δ1δ2 + 2δ2 > 2δ1 + 2δ2.
Similarly, if G2 is not complete, then (19) holds. Hence (a) is proved.
If δ1, δ2 > 3, then
|V (G1)|δ2 > (δ1 + 1)δ2 = 2δ1 + 2δ2 + (δ1 − 3)(δ2 − 3)+ δ1 + 2δ2 − 9 > 2δ1 + 2δ2,
and (19) can be proved similarly. Hence (b) is proved.
Under the conditions of (c), inequality (18) holds because G1 is not complete. Moreover, |V (G2)|δ1 = 3δ1 > 2δ1 + 4 =
2δ1 + 2δ2. Hence (c) is proved. 
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